Recently, a rotating black hole solution was found in Vector-Tensor Galileons modified gravity that has some significant differences from the Kerr black hole solution. We study the iron line shape that is part of the reflection spectrum of accretion disks around black holes in this new black hole solution. We simulate and compare the iron lines of this solution with those of the Kerr solution to see if the technique of iron line spectroscopy can be used as a tool to test Vector-Tensor Galileons modified gravity. Our analysis shows that current X-ray facilities can, in principle, be used to test and place constraints on Vector-Tensor Galileons modified gravity in the strong coupling and ultraspinning regimes.
I. INTRODUCTION
According to the no-hair theorem, general relativistic black holes (BH) are completely described by the Kerr metric, which only depends on the mass and spin angular momentum. In addition, the no-hair theorem states that the Kerr metric is the only stationary, axisymmetric, asymptotically flat vacuum solution of the Einstein equations that has an event horizon and admits no external closed timelike curves [1] [2] [3] [4] [5] [6] . While modified gravity theories do not, in general, obey the no-hair theorem, many do admit the Kerr metric as a solution [7] , and thus tests of the Kerr metric do not necessarily rule out all modified gravity theories. However, there are modified theories of gravity that do not have the Kerr metric as a solution, and in these cases any tests of the Kerr metric can also test these theories.
One such modified gravity theory that does not contain the Kerr metric as a solution is Vector-Tensor Galileons (VTG) modified gravity [8] [9] [10] [11] . VTG gravity modifies General Relativity by including additional vector degrees of freedom that can be associated with dark matter or dark energy. Recently, an exact analytic rotating BH solution with regular horizons was found in [11] . The modifications to Kerr in this solution are parametrized by a dimensionless parameter β and a charge Q that is a charge associated with some dark force rather than the standard electromagnetic charge. When both β and Q vanish, the Kerr metric is recovered. A particularly interesting feature of this VTG BH solution is that for values of β > 1 the spin parameter a * can take on values larger than 1 without the formation of a naked singularity.
In this paper, we study whether it is possible to test BH solutions in VTG gravity using iron line spectroscopy and place constraints on the parameter β and charge Q. Previous work in the context of iron line spectroscopy [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] has shown that it can be a very powerful tool for probing the strong gravity regime near BHs. In principle, with high quality data from X-ray telescopes and with * Corresponding author: bambi@fudan.edu.cn the correct astrophysical model to describe the accretion disk, such observations can be used to place stringent constraints on deviations from the Kerr spacetime.
In an effort to determine the constraining power of current X-ray missions to test and constrain VTG gravity, we perform a preliminary study by simulating observations of Kα iron lines from accretion disks around VTG BHs and fit the data with Kerr iron lines. If the fits are good, irrespective of whether the physical parameters are well-recovered or not, we argue that the iron line shapes in VTG do not significantly deviate from the iron line shapes in Kerr. Thus, current reflection spectrum observations cannot be used to place constraints on VTG. We find this to be the case in the weak coupling regime of VTG, where the parameter β is relatively small, as is the deviation from Kerr. On the other hand, if the fits are bad, we argue that current observations of the reflection spectrum can be used to place constraints on VTG. We determine this is the case in the strong and ultraspinning regimes, where the deviation in the iron line is large enough that deviations in the full reflection spectrum would be detectable with current observations. Of course, the full reflection spectrum is a much more complex model in comparison and a full analysis is required for any definitive conclusion, which we leave for future work. This paper is organized as follows. In Section II, we briefly review the black hole solution in VTG gravity found in [11] . In Section III, we summarize the iron line method and calculate a set of iron line shapes from putative accretion disks around BHs in VTG. In Section IV, we simulate iron line observations with NuSTAR and determine whether an analysis of the iron line can distinguish between Kerr BHs and the BHs of VTG. Finally, we summarize and conclude in Section V. Throughout this paper we employ a metric with signature (− + ++) and units in which G N = c =h = 1, with the exception of Eqs. (1) and (4), where we use units in which 4πG N = c =h = 1.
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II. BLACK HOLES IN VECTOR-TENSOR GALILEONS MODIFIED GRAVITY
The action of VTG is found by starting with the Einstein-Maxwell action
Note that while the action is the same as that for an Einstein-Maxwell system, the vector field F µν is associated with an additional dark force rather than standard electromagnetism. The Einstein-Maxwell action is acted upon by a disformal transformation [29] [30] [31] [32] given bỹ
where β is a real constant, A µ (x) is a vector field, and α(x) is an arbitrary function associated with the gauge freedom of the theory and will not appear going forward. The disformed action is then, up to total derivatives, given by [11] 
with
Finding a BH solution is simply a case of applying the disformal transformation to a suitable solution of the Einstein-Maxwell action. The well-known Kerr-Newman solution that describes a charged, rotating black hole is given by (in Boyer-Lindquist coordinates)
Here, M is the BH mass, a = | J|/M , J is the BH spin angular momentum, and Q is the BH charge. It is often convenient to introduce the dimensionless spin parameter
Applying the disformal transformation of Eq. (2), along with the ansatz A(r) = Qr/∆(r), gives the rotating BH solution (in Boyer-Lindquist coordinates) [11] 
The charge Q here is associated with a dark force rather than an electromagnetic charge as in the Kerr-Newman solution. Note that the dimensionless parameter β controls the deviation away from the Kerr-Newman solution.
For β = 0, Eq. (12) reduces to the Kerr-Newman solution and for Q = 0 it reduces to the Kerr solution.
The event horizon can be found by solving the equation ∂ µ r∂ ν r = g rr = 0. This can be reduced to finding the real positive solutions of [33] 
where
This is a fourth order algebraic equation in the radial coordinate r and can have four, two, or no real roots depending on the sign of the determinant. The maximal real root corresponds to the position of the event horizon and it has some interesting properties. In contrast to the horizon in the Kerr-Newman solution given by
the horizon in the disformal solution is not spherically symmetric, as it depends on the polar angle θ. Additionally, while the Kerr-Newman solution requires that a ≤ M 2 − Q 2 ≤ M for the existence of a horizon, this is not necessarily the case in the disformal solution. This can be easily seen from the horizon radius in the equatorial plane of the disformal solution given by
For values of β > 1, the spin a can take on values larger than M and a horizon will still exist. The maximum value of a is given by
Another interesting property of the event horizon in the disformal solution is that for values of β > 1 the horizon exists even in the massless limit M → 0. In this case the horizon radius is given by
Further discussion of the horizon can be found in Refs. [11] and [33] .
III. IRON LINE SPECTROSCOPY
We consider a system containing a central BH accreting from a geometrically thin and optically thick disk [34, 35] . The disk emits locally as a blackbody and when integrated radially the spectrum is a multitemperature blackbody. The temperature of the gas making up the disk is a function of the properties of the BH, e.g. the BH mass and spin, the accretion rate, and the radial distance from the center of the BH. For an accretion rate of ∼ 10% of the Eddington limit, the temperature of the innermost part of the disk is in the soft X-ray band, i.e. ∼ 1 keV, for stellar-mass BHs and in the optical/UV bands, i.e. 1 − 10 eV, for supermassive BHs.
In addition to the accretion disk, we include within the model a hotter (∼ 100 keV), usually optically thin, cloud of gas near the BH termed a corona. The exact geometry of the corona in BH-accretion disk systems is not known at the moment, but several models have been proposed. For example, the corona could be the base of a jet, the atmosphere just above/below the accretion disk, or some accretion flow near the BH. In general, though, the corona plays an important part in the electromagnetic radiation of the system. Thermal photons from the disk can inverse Compton scatter off free electrons in the corona, generating a power-law spectrum with an energy cut-off (that is dependent on the corona temperature). The photons of this power-law component can, in turn, illuminate the disk, producing a reflection spectrum. The most prominent feature of the reflection spectrum is usually the iron Kα line, and it is also the feature providing the most information on the spacetime metric describing the BH, particularly the strong gravity region near the BH. Tests of the strong gravity region using real X-ray data require fitting the entire reflection spectrum, not just the iron line [23] [24] [25] , but in this work, as a preliminary and exploratory study, we will only consider the iron Kα line.
The iron Kα line is a very narrow line feature when emitted, but becomes broadened and skewed when observed at large distances due to the combined emission from different regions of the accretion disk and the effects of gravitational redshift and Doppler boosting. The line is emitted at 6.4 keV in the case of neutral or weaklyionized iron and can shift up to 6.97 keV in the case of hydrogen-like iron ions.
The shape of the iron line as observed far from the source is dependent on the spacetime geometry of the BH, the inclination angle between the angular momentum of the disk and the observer's line of sight, the geometry of the emission region, and the emissivity profile. The BH metric in VTG studied in this paper depends on the spin parameter a, the charge Q, and the dimensionless parameter β (the BH mass M does not impact the shape of the iron line). The inclination angle ι ranges from 0
• (face-on disk) to 90
• (edge-on disk). We set the inner edge of the accretion disk equal to the innermost stable circular orbit (ISCO), which depends on a, Q, and β, and the outer edge is set at a sufficiently large radius such that slightly altering its value does not significantly impact the iron line. The intensity profile of the disk is modeled with a simple power-law of the form 1/r q , where q is the emissivity index.
To calculate the iron line as measured by a distant observer we begin from the photon number count far from the source
where E obs and I obs are the photon energy and specific intensity of the radiation at the observer, respectively, E e and I e are the same quantities at the emission point, g = E obs /E e is the redshift factor, and I obs = g 3 I e follows from Liouville's theorem [36] . X and Y are the Cartesian coordinates on the image plane of the observer, and D is the distance between the BH and the observer. Assuming monochromatic emission with a power-law profile the emitted intensity is given by
where E * = 6.4 keV. We compute Eq. (19) by using the ray-tracing code described in [37] . This code solves the equations of motion for photons on a given spacetime background. The photons are initialized with a three-momentum perpendicular to the image plane of the observer and are then evolved backwards in time to determine their emission point in the accretion disk. Particles of gas within the accretion disk follow nearly geodesic circular orbits in the equatorial plane of the BH. The photon four-velocity can be written as u 
where +(−) refers to corrotating (counterrotating) orbits, i.e. orbits with angular momentum parallel (antiparallel) to the black hole spin angular momentum. From
The redshift factor is
where k µ is the photon four-momentum and u µ obs = (1, 0, 0, 0) is the four-velocity of the distant observer. The redshift factor can be rewritten in terms of the metric
where λ = k φ /k t is a constant of motion along the photon's path and can be determined from the photon's initial conditions. For more details on the calculations of the spectrum of thin disks around black holes see [14, 15, 23, 35] . Iron Kα line shapes of the reflection spectrum of BHs in VTG gravity are shown in Figs. 1-3 . Figure 1 shows the iron line in the weak coupling regime, i.e. 0 < β < 1, for spin parameter a * = 0.9 and charge Q = 0.4. Figure 2 shows the iron line in the strong coupling regime, i.e. β > 1, for spin parameters a * = 0.8 and 0.998 and charge Q = 0.4. Figure 3 shows the iron line in the ultraspinning regime, i.e. β > 1 and a * > 1, for spin parameters a * = 2.0 and 4.0 and an assortment of values for coupling parameter β and charge Q. For all figures the inclination angle ι = 45
• and the emissivity index q = 3. The iron line in Kerr is shown in black for comparison in the figures for the weak and strong coupling regimes. The iron lines in the weak coupling regime do not show significant deviation from the Kerr line, while there is significant deviation in the strong coupling regime, although the general shape of the lines is still similar to that seen in Kerr except for the largest values of β. In the ultraspinning regime, the iron line shapes depart significantly from those in Kerr, particularly for larger values of β and Q.
IV. SIMULATIONS
The primary goal of this work is to determine if observations from current X-ray missions can be used to test VTG gravity and constrain the charge Q and the parameter β. As stated previously, we will not be constructing the full reflection spectrum model to analyze real data of specific sources. Instead, as a preliminary and exploratory study, we follow the strategy employed in previous studies [20] [21] [22] 38] . We simulate observations of a VTG BH iron line using the response characteristics of a current X-ray mission and fit the simulated data with a Kerr iron line. If the fit is found to be good, regardless of whether the fit parameters agree with the simulated parameters, we argue that the iron line in VTG is not sufficiently different from that of Kerr to use observations of the reflection spectrum with current telescopes to test VTG. On the other hand, if the fit is bad, we argue that VTG can be tested using the iron line method with current X-ray telescopes, and it would be useful to construct the full reflection model to fit real data as done in [23] [24] [25] .
We perform our analysis on the 19 VTG cases depicted in Figs. 1-3 and discussed in Sec. III. Tables I-IV summarize the parameters used in each of the analyzed simulations. We choose NuSTAR as the representative current X-ray mission and use its response files downloaded from the NuSTAR website 1 . We use the software Xspec to simulate and fit the data 2 . We consider typical parameters of a bright black hole binary. The simulated spectra are generated assuming a simple powerlaw with photon index Γ = 1.6 (modeling the power-law spectrum of the corona) and a single iron line (modeling the reflection spectrum of the accretion disk). The luminosity of the source is set at 10 −9 erg/s/cm 2 in the band 3 − 10 keV. The equivalent width of the iron line is around 200 eV. We consider both instruments onboard NuSTAR, i.e. FPMA and FPMB, and observations of 200 ks in length.
We fit the simulated data with a power-law component and a Kerr iron line generated by relline [39] . In the fitting we have six free parameters: the photon index of the power-law component Γ, the normalization of the power-law component, the spin parameter of the BH a * , the inclination angle ι, the emissivity index q, and the normalization of the iron line.
The best-fit values and the associated reduced χ 2 of our 19 simulations are reported in Tables I-IV. The ratios between the data and the best-fit model are shown in Figs. 4-6 . In the case of the weak coupling regime, i.e. 0 < β < 1, it is clear that we can find good fits, i.e. the iron lines of BHs in VTG can be well modeled by iron lines of a Kerr BH. This is not unexpected since in the weak coupling regime the deformation from the Kerr spacetime is small. For the strong coupling regime, i.e. β > 1, there seems to be a trend that the fits become worse as the spin parameter a * approaches its maximal value of 1 and the coupling parameter β becomes larger, but it is difficult from our sample size to definitively make this conclusion. In general, the fits in this regime are fair to poor. The fits in the ultraspinning regime, i.e. β > 1 and a * > 1, are generally bad meaning that iron lines in the Kerr spacetime cannot be used to model the iron lines in the VTG spacetime in this regime. Note that while the reduced χ 2 for simulations 14, 15, and 19 are not far from 1, the uncertainty on the spin spans almost the entire possible range. This implies that the Kerr iron line cannot fit the VTG iron • , the emissivity index q = 3, and the photon index Γ = 1.6. The reported uncertainty is at the 90% confidence level for one relevant parameter. The uncertainty for Γ is always less than 0.01. • , the emissivity index q = 3, and the photon index Γ = 1.6. The reported uncertainty is at the 90% confidence level for one relevant parameter. The uncertainty for Γ is always less than 0.01. Table II for more details. line well, as the spin cannot be recovered, but is an integral parameter in determining the iron line shape. The ratio between data and best-fit model for simulations 14, 15, and 19 also support this conclusion as it is clear there is significant difference between the simulation and bestfit, particularly around 6 keV. Overall, we can conclude that observations with NuSTAR of the reflection spectrum should be able to test VTG gravity in the ultraspinning regime. It may also be possible to test the strong coupling regime, although it must be noted that since we have used a simple model compared to the full reflection spectrum the complexity of the full model may make it • , the emissivity index q = 3, and the photon index Γ = 1.6. The reported uncertainty is at the 90% confidence level for one relevant parameter. The uncertainty for Γ is always less than 0.01. Note that for simulation 13 the fit was too poor to use the err routine in Xspec to calculate the uncertainties so we report the uncertainties from the steppar routine. more difficult to test VTG in the strong coupling regime than depicted in this work. Finally, from our results it is fairly clear that the deviations introduced in the weak coupling regime are not significant enough to be able to be tested by reflection spectrum observations.
V. CONCLUDING REMARKS
In this work we have studied whether VTG gravity can be tested and constrained using observations of the BH X-ray reflection spectrum with current X-ray missions. As a preliminary exploration, for our model we only included a power-law component to represent the emission from a hot corona and a relativistically broadened Kα iron line as the most prominent component that would be present in a full reflection spectrum. The spacetime of the BH was modeled with the BH solution of VTG found in [11] . Simulations of our model using different values of parameters relevant in the BH metric were done and then fit using the same reflection model but with the Kerr metric describing the BH spacetime.
Our results suggest that VTG gravity can indeed be tested and constrained with current X-ray reflection spectrum observations, but only in the ultraspinning and (possibly) the strong coupling regimes. In the former case the iron line shows significant deviations from the iron line in a Kerr background that would almost certainly translate to observable deviations in the full reflection spectrum. For the latter, the deviations are not as large and it is not completely clear if they would still be observable in the full reflection spectrum. In the weak coupling regime, we find that the Kerr iron line can fit the VTG iron line quite well, implying that it would not be possible to distinguish lines between the two spacetimes in that regime.
Given our results an obvious next step would be to perform an analysis to test and place constraints on VTG gravity using current observations of the X-ray reflection spectra of stellar-mass and supermassive black holes. Such a study would need to use a more complex model(s), such as those used in [24, 25] .
